Introduction to Numerical Methods
in Heat Transfer



Part 1



Introduction

Heat transfer is best understood through theory and
application of principles in thermal analysis;

Modern thermal analysis leverages the power of
computers and numerical methods to simulate heat

transfer in networks representing a physical system;

This lesson is an introduction to numerical methods
in heat transfer.



Overview

Students may have experience with numerical
methods in college level courses;

Once in the workplace, however, they often use
commercially available modeling tools;

Unless graduate study is pursued, students must
create opportunities to understand the

fundamentals behind these methods;

This course is intended to provide such focus.



Scope of this Lesson

What is heat transfer?
Governing differential equation;
Finite difference;

Finite element;

Thermal radiation in heat transfer analysis.
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What is Heat Transfer? (Ref. 1)

Heat transfer is energy transfer due to a temperature
difference and can only be measured at the boundary

of a system.

Conduction - Heat transfer from one substance to
another by direct contact.

Convection - Heat transfer via movement of fluids.

Radiation — Heat transfer via electromagnetic waves.




Thermal Modeling Basics

Engineers use thermal models as a tool to aid in
design and understand the performance of thermal

systems;

A thermal model is an abstraction of a physical
system.



Thermal Modeling Basics

Closed-form solutions do not exist for all physical
systems or geometries -- so they are discretized
into smaller pieces, called elements.
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Thermal Modeling Basics

Thermal systems can also be represented by
representations analogous to electrical resistance-
capacitance (RC) networks.

Geometry that is discretized is represented by
nodes. A node is isothermal and has a constant
temperature throughout the entire volume.

Heat flow between nodes is modeled with
conductors (the inverse of thermal resistance) and
heat storage is modeled using a capacitor.



Thermal Modeling Basics

Nodes come in the following varieties:

Diffusion -- a node representing a finite mass with
finite capacitance;

Arithmetic -- a massless node representing zero
capacitance;

Boundary -- a node representing a source or sink
with infinite capacitance.



Thermal Modeling Basics

Conductors come in the following varieties:

Conduction -- heat transfer between solid objects
(or a solid and a gas/fluid);

Convection -- heat transfer between a solid object
and a convecting liquid or gas;

Radiation -- heat transfer via electromagnetic
radiation between objects.



Thermal Modeling Basics

Heat transfer via conduction and convection is
proportional to AT:

. kA
Qcond — GcondAT — TAT

Qconv — GconvAT = hAAT

But, heat transfer via radiation takes this form:

Qrad — Grad A(T4)



Thermal Modeling Basics
T

air

Consider this
geometry

Convection and Radiation from Rod Surface

The network representation for this configuration
might look something like this:

Tair

Boundary Node
Diffusion Node
ArithmeticNode

Conduction or Convection Conductor (Linear) Twalwi\/

Radiation Conductor (Non-Linear)

Fives
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Some Terminology

Heat rate, denoted by Q , is [energy/time];
Heat flux, denoted by ¢ , is [energy/area/time];

Volumetric heat rate, denoted by qgep, , IS
[energy/volume/time];

Heat per unit length, denoted by ¢, , is
[energy/length/time].

16



Fourier Heat Conduction Law

Fourier assumed that
conduction heat

transfer is directly
proportional to the
temperature difference

across a solid:

Q < AT
. kA kA
Q=—-AT = T(TZ —T;)
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Conservation of Energy

In heat transfer calculations, energy must be
conserved:

Qin T Qgen o Qout — Qstored

where...
Qin IS energy per unit time entering;
Qgen is energy per unit time generated;
quf is energy per unit time leaving;
Qstoreq is time rate of change of energy stored.



Deriving the Heat Equation in One Dimension
(Ref. 2)

X X+dXx

| Qgen .
0, —> —— Qoue

Qstored

Qin T Qgen Qout Qstored



Deriving the Heat Equation in One Dimension
(Ref. 2)
The energy per unit time stored in a mass can be

expressed as:

. oT oT oT
Ustorea = mcp E = pVCp E = pAdxCp E

where...

M js the mass [mass];

Cp is the specific heat [energy/mass/temperature];

P is the material density [mass/volume];

V' is the material volume [volume];

A  isthe differential element cross sectional area [area];
dx s the differential element length [length];

OT s the mass' time rate change of temperature [temperature/time].

at
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Deriving the Heat Equation in One Dimension
(Ref. 2)
The heat entering the mass per unit time at location x
IS:

0 = kAT
in — — B
oxl,
where...
k is the thermal conductivity [energy/time/length/temperature];

A is the differential element cross sectional area [area];

oT

Ix is temperature gradient at x [temperature/length].

21



Deriving the Heat Equation in One Dimension
(Ref. 2)
The heat leaving the mass per unit time at location

X+Ax is:

Ooue = kAL
out 0x x+dx

where...
k is the thermal conductivity [energy/time/length/temperature];

A is the differential element cross sectional area [areal;

aT
Ix is temperature gradient at x+dx [temperature/length].
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Deriving the Heat Equation in One Dimension
(Ref. 2)
But we recognize that the heat transfer at x+dx may

be expressed as:

S P (ﬁcAaT)d-
eirde dx 0Ox dx g

s T
Qout_ Ox

where, the first term is simply the heat entering the
left face per unit time and the second term is the
change in heat transfer rate with respect to x over the
control volume times the distance to the other end of
the control volume.
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Deriving the Heat Equation in One Dimension
(Ref. 2)
We can now substitute our new expressions for the
original terms:

Qin T Qgen Qout Qstored

2+t + g2 2 (1A ]  panc,
T ) T dgendax + (kG o \RAG ) ax| = pAdxCy o

This reduces to:

aT

. 0 aT
qgenAdX + — (kA ) dx = pAdxC, » 7

0x dx



Deriving the Heat Equation in One Dimension
(Ref. 2)
Rearranging and simplifying yields:

| 9 kaT)_ L or
%””+ax(em = Pl e

Or, for a constant thermal conductivity:

| 02T T
Qgen'l'szpcpa

This is known as the heat equation in one
dimension expressed per unit volume.



Extension to 2-D and 3-D

More generally, the heat equation for isotropic
thermal conductivity can be expanded into
additional dimensions:

0°T  0°T 62T) 0T
=p

ton k(o —— 4 — | = pC, —
dgen ™ (axZ*'ayZ*'azz P ot

or, using the Laplacian:

| , 0T
qun + kVeT = pCpa



One Dimensional Heat Equation:
Steady State

Assuming the heat generation term is constant, the
only time dependency appears on the right hand

side of the equation: .

| 0°T T
Tgen + 1532 = Plo/e

At steady state, the time rate of change of
temperature, JT/ Jdt = 0;

We see that steady state behavior is independent of
density, p, and specific heat, C,.



One Dimensional Heat Equation:
Transient

For a case with no internal heat generation, we
have:

We recognize this to be a linear differential equation
of second order in the spatial dimension, x and first
order in time, t.

Fortunately, there exists a solution.



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

Consider the following example:

The rod is initially at a uniform temperature, T,. At
time, t = 0, the temperature at both ends (x=0 and
x=2L) is raised to T,;

How does the temperature profile in the rod change
with time?
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Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

The governing differential equation is the previously
derived heat equation:

JOPT T
ox2 PPt

We recast the equation noting that a = k/pC, and
O=T-T,:

026 106

0x2 adt



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

Using this new form, we examine our boundary
conditions for g(x,t):

ForO<x<2Land t=0: dx,0)=T,-T,
Forx=0and t>O0: g0,t) =0

Forx=2Land t > 0: g2L,t) =0



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

To solve this differential equation, we can use
separation of variables by assuming:

O(x,t) =X(x)Y(t)
where...

X(x) is a function of only x, and;
Y(t) is a function of only t.



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

Forming the required derivatives of {(x, t):

0°0(x,t) 0°X(x)

0x2  0x? 40
0600 _ 0V (D)
37 X(x )—

So our transformed differential equation becomes:

92X (x) am)
0 = x50




Example 1: Solving the Transient Heat

Equation (Adapted from Ref. 2)
We can rearrange the previous equation to read:

04X (x) aY (t)
ox2_|_1( "3t
X(x) a\ Y(t)

To facilitate solution, we can set both equations equal
to a constant, where A is called the separation

constant: 02X (x) oY (t)
ox? |\ _1[Zac \_ _,.
X(x) a\ Y(t)




Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

We can now write two, independent linear
differential equations:

0°X(x) B
FW. + A“X(x) =0
240 + A%aY(t) =0

ot



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

We recognize that the first equation:

02X (x)

522 + 12X (x) =0

has a solution of the form:

X(x) = cicos(Ax) + ¢,sin(Ax)



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

The second equation:

9y (t)

2
TS + 1%aY(t) =0

has a solution of the form:

Y(t) = caer ot



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

Our expression for d(x, t), then, becomes:

0(x,t) = X(x)Y(t)

= [c,cos(Ax) + ¢,sin(Ax)]cze 2t

We can simplify this expression by letting:

Ci = ¢1C3
C, = cyc3



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

The expression becomes:

O(x,t) =X(x)Y(t)
= [C,cos(Ax) + C,sin(Ax)]e *

The previously defined boundary conditions are
now used to solve for constants, C, and C,:

ForO<x<2Land t=0: dx,0)=T,-T,
Forx=0and t>O0: g0,t) =0
Forx=2Land t> 0: g2L,t) =0



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

When we apply the second boundary condition (i.e.,
forx=0and t>0):

0(0,t) = [C,cos(10) + C,sin(20)]e~* ot =0

From this, we see that C, must be zero.
0(x,t) = C,e **sin(Ax)

We note that C, cannot be zero -- if it was, f(x, t) =0
everywhere.



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

When we apply the third boundary condition (i.e., x
=2Land t > 0):

9(2L,t) = C,e ¥ *sin(12L) = 0

Since C, # 0, we see that the only way for this to
happen is when:

sin(12L) =0



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

This happens when:

A_TL}T
- 2L

So the solution may be expressed in the form of a
series given by:

2 nmwx
O(L,t) = Z C,e 2L Stn(Z)

2L

1 nmx
C, = 7 D (T,— Tl)Sm( o7 )d;}: n=13,5,..



Example 1: Solving the Transient Heat
Equation (Adapted from Ref. 2)

C, may be determined by integrating considering
the initial conditions (forn=1, 3, 5, ...):

sz(T —T) (nm)d 4(’}" T.)
Cp = o—T1) sin o x_n'}r 011

The overall solution becomes (forn=1, 3, 5, ...):

Tl _4NTL (00, (X
TU—Tl_nZne - Sm(u)

n=1
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Example 1: Solving the Transient Heat

Equation
Time = 0.1 seconds
T,=100C
T,=200C
n=1
/ n=3
n=>5
n=2
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Temperature (C)

Example 1: Solving the Transient Heat

Equation
250
n =199
T,=100C
T,=200C
200
150
100 -
| t=20sec
50 | | | | | | | | t= |100 sec
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fraction of Rod Length (x/2L)



Wrap-Up for Part 1

Heat transfer basics;
Thermal modeling;
Derived the heat equation one dimension;

Solved the heat equation for a specified initial
condition and boundary conditions.



Part 2
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Numerical Methods

We'll focus on two different numerical methods:

Finite Difference -- uses the differential formulation
-- i.e., equations are formulated using the governing
differential equation -- where we replace the partial
derivatives by approximations obtained by Taylor
expansions near the point of interest;

Finite Element -- uses a variational formulation --
i.e., equations are formulated from an integral
formulation arising from the Calculus of Variations.



Formulation of the Finite Difference for 1-D
Heat Transfer
Finite difference relies on a differential formulation -
- that is, a description of the heat transfer using
derivatives;

For our one-dimensional heat transfer case, recall
the governing differential equation is:

04T oT

q‘gen_l'kw:pcpa



Formulation of the Finite Difference for 1-D
Heat Transfer

This equation involves the second derivative of
temperature with respect to a spatial dimension

(i.e., x) and the first derivative of temperature with
respect to time;

Let's take a closer look at how these derivatives are
formed for a numerical solution.

0%T 0T
f?gen +k——= pc =y
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Formulation of the Finite Difference for 1-D
Heat Transfer

Consider this temperature distribution about x:

30 -
25 A
20 A

15 -

T(x)

10 -

0.0



Formulation of the Finite Difference for 1-D
Heat Transfer (Ref. 3)

At a given instant in time, the first derivative, taken
to the "right" of x, is given by:
oT
0x
Similarly, the first derivative, taken to the "left" of x,
IS given by:

N Tx+ﬂx o Tx

+ Ax

oT Tx IR Tx—ﬂx

oxl_ ~ Ax
Each expression yields an approximation of the
slope in the specified region about x.




Formulation of the Finite Difference for 1-D
Heat Transfer (Ref. 3)

The second derivative is just the slope of the slope
over the region, or, the slope of the first derivatives:

or| ot
0°T Ox|, Ox|_

@N Ax

which becomes...

& N (Tx+&x o Tx) o (Tx o Tx—ﬂx)
0x2 Ax?




Formulation of the Finite Difference for 1-D
Heat Transfer (Ref. 3)

Further simplification and rearranging yields:

Hence we have an expression for the second
derivative in terms of temperatures at specific
locations.

But this derivation assumed the distance between
nodes was Ax on either side of the node. What if it
isn't?



Formulation of the Finite Difference for 1-D
Heat Transfer (Adapted from Ref. 3)

Consider the case where the distance between the
last node and the boundary is only Ax/2:

If we go through the same process, our expression
for the second derivative at the left end and right
end, respectively becomes:

02T  0.5T,_,. — 0.75T, + 0.25T, ., r.,
Ox2 Ax?
02T  0.25T,_r, — 0.75T, + 0.5T, ., A,

B

0x2 Ax?




Formulation of the Finite Difference for 1-D
Heat Transfer (Ref. 3)

Forming the first derivative of temperature, T with
respect to time, t for a specific node is considerably
easier:

oT Tt+ﬂt . Tt
at . At

Again, we have an expression for a derivative in
terms of temperature and time.



Subscripting and Superscripting

We're going to be working with both time and
spatial dimension;

We'll need to do some bookkeeping;

A subscripting and superscripting scheme is shown
here and will be used in the example.



Subscripting and Superscripting

For the node of interest, i, at time, n, we have:

Time T of T of T of
Node i-1 Node i Node i+1

1+1

n+1 n+1 n+1
I;- T} iﬂ+1

n+1

59



Review

We have...
derived expressions for the second derivative of
temperature with respect to distance and for the

derivative of temperature with respect to time, and;

established a subscript and superscript convention
to aid our analysis;

We're now ready to present an example problem.



Example 2: Explicit Finite Difference

Consider the following configuration:

100 W

20 C (for t > 0) 20 C
(const.)| aluminum ‘ / (const.)
Zr=0.01m
< L=0.1m >

For an initial rod temperature of 20 C, determine
the system transient response.



Example 2: Explicit Finite Difference

We'll model the system with five diffusion (@) nodes:

20C(const.)’ o [ o [ I: o I: o) +20C(const.)
Ty T2 T T Ty s
< L=0.1m >

We also establish two boundary (@) nodes at either
end of the rod.



Example 2: The Explicit Finite Difference
Solution

Consider the following simplified geometry;

R L VAVA
i i+1

We wish to write the difference equation for node i
accounting for heat transfer via conduction to node
i+1 and the addition of heat to node i.



Example 2: The Explicit Finite Difference
Solution

The overall energy balance for a segment of the rod
IS:

ql':ond T Qgen — (‘?SEOTE‘d

where each term represents energy per unit time
per unit volume;

This leads to the governing differential equation:



Example 2: The Explicit Finite Difference
Solution

We arrive at the difference equation describing our
system:

n k (T'” Tarj—l) : i+l
Ti + At ,QCP (ﬂX) + F’HC Qgen..i - i
which becomes...
(T-” T}Fj_l) *
T+ Ata ———— = T
E (&x) ,oc; e

For an explicit scheme, note that the temperature at
time, n+1 is completely determined by parameters
known at time n.
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Example 2: The Explicit Finite Difference
Solution

Temperatures at time n are known and are used to
calculate temperatures at time n+1 -- the n+1
solution becomes the n solution for the next
iteration.

>

_ _ - _ o i

05 -075 025 0 0 0 0 0

0 1 21 0 0 0 0

At )
+——| 0 0 1 -2 1 0 0 0|4 [+t

(ax)?%| g 0 0 1 =2 1 0 0

0 0 0 0 025 —075 05 0

| — _ _ - — _ -ﬂ-




Temperature (C)
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1] -6-x=0.03m =-x= 0.05m g
1] —=+~x=0.07m =2¢x=0.09m — o-BEe= T
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. -
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Temperature (C)
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Example: Explicit Finite Difference

=-t=0s
©-t=5s
“t=10s
>2%t=20s

~+-t=150s

0.00

0.02 0.04 0.06

X Location (m)

0.08
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Time Step and Time Constant

Finite difference temperature solution is calculated
at discrete time steps;

Accuracy and stability of the solution is influenced
by the time step;

Commercial software will auto calculate the time
step;

Upper limit to the time step required for solution
stability- function of the systems time constant, .



Time Step and Time Constant

For transient solutions, the time constant, 7, is
determined by:

_ (me)
T=min|—=——
Y. G
In other words, the minimum of the quotient of
node capacitance divided by the sum of the
conductances to that node is the limiting rate at
which marching in time can occur.



Example 2: Effect of the Time Step

70 -

—f=—x= 0.00 m
- —g=—x= 0.0l m
60 E ——x
5 ke
2 50 1|-
3 ]
E
(1] ]
o ]
£ 40 -
O ]
i 1 g
30 - | §
: <
@
] o
20 & EE R E T R e R e S §
0 5 10 15 20 25
Time (s)

. |

Time Step=1.0s

Time Step=2.5s

50 |

40 -

20 !

Time Step, 1< 1.93 s,

required for stability

30 -

Hfﬂ’v-!.'::«;:’:::::

Temperature (C)

70

60

50 -

40

30 -

20 T T T L I S B ) B B ) Bt B B e R e |
0 5 10 15 20 25 30 35 40
Time (s)

Time Step=3.5s
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Adding Radiation

Conduction and convection heat transfer are linear
functions of the temperature difference;
. kA .

Qcona = TAT Qconvy = RAAT
Radiation heat transfer is nonlinear and is
proportional to difference of the fourth power of
absolute temperatures.

Qrad — Grad A(T4)



Adding Radiation (Ref. 5)

We seek to express the radiation heat transfer
between the two nodes of interest in terms of AT.

(Qrad)lz —

G'rad (Tfl IR T24)

Grad (le + T22 ) (le o T22)
G'rad (le + T22 ) (Tl + T2 ) (Tl o TZ)

Groq(TE + T£)(Ty + T,)AT

Linearized Radiation Conductor
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Adding Radiation

Consider the following simplified geometry;

env
O

l.E:lglan- O O

i i+1

We wish to write the difference equation for node i
including radiation to the environment.



Adding Radiation

We can perform an energy balance on node i
(adapted from Ref. 6):

QCond T q.gen + (?rad — C?stored

This is an expression of energy transfer per unit time
per unit volume;

04T oT

kW'I' QQGH + Qraa = pcpa
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UPDATED JULY 2025

Adding Radiation

Expanding and assuming nodes are of equal length,
AX:
0°T  Qgen €Aso(T* — Tpy, oT

K—— 9o = oC. —
9x2 | Alx AAx P 5

Add nodal subscripting and linearization:

. 0°T N Agen N EAso k(T?)Z + (Tony)*)(T7 + T’e’nv)I(Ti" — Tenw) _ c aT

0x? Alx AAx
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UPDATED JULY 2025

Adding Radiation

Next, we add accommodation for node-specific
heating and a means of indexing the equation in
time (i.e., n, n+1):

(Tin B TiT-ll-l) qgen,i gASU((Tin)Z + (TeT;w)Z)(Tin + TeT;w)(Tin B TeT;w) — oC Tin+1 _ Tin

(Ax)? Alx Alx PEr ™At

With some additional manipulation, we arrive at our
desired result:

T! + Ata (17 = Tis) + o Qoen i+ AtSASO-((T?)Z + (Teny 2)(7‘? + Tony
i (Ax)* mc, "9
p

. (T) = Thy) = T4



Example 3: Explicit Finite Difference with
Radiation Added

Consider the following configuration:

T..,=20C,-250C

20 C 100w e=0.8 |29€
(const.)| aluminum ‘ / (const.)
Zr=0.01m
< L=0.1m >

Assume a surface = 0.8 and solve for two different
T. : 20Cand-250C.

env*



Steady State Temperature (C)

UPDATED JULY 2025
Example 3: Explicit Finite Difference with

70 — T e e :

—+—No Radiation

- =m=\With Radiation (20 C Boundary)
With Radiation (-250 C Boundary)

20 ¥ . | | | | i | i . \
0.00 0.02 0.04 0.06 0.08 0.10

X Location (m) N



The Implicit Finite Difference Solution

The explicit techniqgue shown allows determination
of temperatures at time n+1 in terms of known
temperatures at time n;

However, different formulations of the differencing
equation exist;

Common Implicit formulations include the Backward
difference and the Central difference (Crank-
Nicolson) methods.



The Implicit Finite Difference Solution
(Adapted from Ref. 3)

Crank-Nicolson takes the form:

1 1 1
Txn+1 % B {TE E:T:lfn++ri':nlx + T.’-'fn+ri'|.:'fj + 2 (ZTXH+1 B ZTXHJ + 2 (Txn—+i':lx + Txn—&x)
At (Ax)?

Note that since the n+1 superscript appears on both

sides of the equation, we can't express
temperatures at that time as explicit functions of n;

Hence, this is referred to as an implicit technique.



Solution Accuracy (Adapted from Ref. 4)

An assessment of the solution accuracy can be

made by observing the order of the terms truncated
in the Taylor series approximation;

For a first derivative formed as:

0T T(x+ Ax)— T(x)
ox Ax

The truncated terms are: 0(Ax)




Solution Accuracy (Adapted from Ref. 4)

A second order derivative with respect to x, though,
is inherently first order accurate in x because it is
formed using first derivatives that are accurate to
the first order in x.

or| T
@ ~ 0x x+Ax 0x
0x? Ax

x 1 ...

Techniques exist to boost Forward and Backward
differences to higher accuracy.



Solution Accuracy (Adapted from Ref. 4)

Both Forward and Backward differencing are
inherently first order accurate in x;

A Central difference, such as Crank-Nicolson,,
however, is inherently: O(Ax?)

0T T(x+ Ax)—T(x —Ax) N
dx 2Ax




Wrap-Up for Part 2

Formulated the finite difference;

Demonstrated explicit solution technique;

Brief discussion of time step and time constant;
Added effects of radiation;

Implicit techniques;

Solution accuracy.



Part 3



Part 3 Roadmap

Implicit
Formulation

Thermal Fourier's Heat
i ? N
What is Heat Transfer? — Modeling Basics Conduction Law
Governing Differential . Example 1: Solving the
L Equation for 1-D Heat —» solution for 1-D Heat —» Transient Heat Equation
Transfer
Transfer (1-D)
Finite Example 2: Example 3:
. —» Transient Thermal | Adding Thermal
Difference . -
Analysis Radiation
. Establishing the
Finite | Calc'ult.ls of Y Functional
Element Variations .
Equation
L E le 4: Steady State Analysi Example 5: Example 6: Transient
Xamp e. :S eady Sta e- nalysis | Steady State y| Example 6: .a sie
- Distributed Heating . Analysis
Analysis




The Finite Element Method

The finite element formulation centers around
minimization of a functional;

But what is a functional?

To understand this, we need some background on
the Calculus of Variations.



Calculus of Variations

Finite differencing relies on a differential
formulation of the heat equation;

Finite element relies on a variational formulation;

For steady state, one-dimensional heat transfer, we
seek to minimize the following integral, called a

functional:
1 fﬂ 1k(dT)2d
— —k|— X
r=02 \dx



Calculus of Variations (Adapted from Ref. 7)

But where does the functional come from and what
is the theoretical basis for establishing the
functional?

The functional is established using the Calculus of
Variations;

In general, we seek a function to minimize the
integral:

L
I :[ F(x,u(x),u’(x))dx
x=0



Calculus of Variations (Adapted from Ref. 7)

u(x) is the function we want to minimize.
G(x, &) is the set of all functions that can minimize
the integral, /.

A




Calculus of Variations (Adapted from Ref. 7)

The set of all functions to minimize | can be
expressed as:

ti(x,e) =ulx) +en(x)
where...

u(x) is the function we seek to minimize;
17(x) is an arbitrary function constrained by:

n(0) =0
nL) =0



Calculus of Variations (Adapted from Ref. 7)

This ensures that d(x, g) is correct at the boundaries:

7(0,¢) = u(0)
(L, ) =u(l)

This works if €= 0 so that:
2(0,0) = u(0)
ti(L,0) =u(L)

or...

a(x,0) = u(x) + A (x)



Calculus of Variations (Adapted from Ref. 7)

Let's substitute our expression for {(x, &) into the
original equation but note we've added the

variable, ¢:

L
| zf F(x,ﬁ(x, ), U (x, s))dx
x=0

and note that when &= 0, we return to the original
expression.



Calculus of Variations (Adapted from Ref. 7)

So, we want our function /(g) to be a minimum
when ¢=0;

We can accomplish this by differentiating the
expression with respect to &

al_r' aF( 106, @ ( ))d
Py _Oe x,U(x,e),u (x, €))dx



Calculus of Variations (Adapted from Ref. 7)

By chain rule, the expression becomes:

aI_F oF o oF 01
ge )_ |oaoe " ow oe |

This looks messy, but we can clean it up.



Calculus of Variations (Adapted from Ref. 7)

Remember:

ti(x,e) =ulx) + en(x)

So that...
aﬂ .~ __ ) !
6x_u =u' + en'(x)
and...
aﬁ ﬁf
9e 1@ e = 1)
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Calculus of Variations (Adapted from Ref. 7)

The integral expression becomes:

= e+ s 0] ax

But note that:

o0F %)
PO
w dv

can be integrated by parts.



Calculus of Variations (Adapted from Ref. 7)

Recall integration by parts:

fwdvzwv—fvdw

So the entire integral expression becomes:

dI_fLaF (0)d [ ()]
de ), oa " T o MV

fL ()d 6F)d
- | 60 g (5 @




Calculus of Variations (Adapted from Ref. 7)

But, recall that 7(0) =0 and r(L) = 0, so:

0

dl fLaF

L [ 3],

So the expression simplifies to:

dl F()ap d GF)]d
de Uﬂx ot dx(é‘fi’ *




Calculus of Variations (Adapted from Ref. 7)

Consider the quantity inside the brackets:

dl_fL()[@F d(@F)]d
de ), " oa  ax \aw /1™

We force £to be zero so that:

dl

— =20
des
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Calculus of Variations (Adapted from Ref. 7)

Since 7(x) is arbitrary, this forces us to conclude that
the bracketed quantity:

oF d é‘F)_O
6u_dx(6u’ B

Note that since £=0, the i and ' become u and u'.

This is called the Euler-Lagrange equation and we
will use it to establish the functional for heat

transfer.



Forming the Functional

Recall the governing differential equation for steady
state, one-dimensional conduction:

P (k d—T) — 0
dx \ dx
Area, A, cancels out and we can re-write this as:
d !
where dT
T.f

T dx



Forming the Functional

Next, we note that 7" replaces v'and which means
that T replaces u in the Euler-Lagrange equation:

d (") = 0 oF |d /0F -
dx B ou |dx (au’) B

So the equation becomes:

0F d(aF)

or " ax\ar) =0

104



Forming the Functional

The heat equation be rewritten as:
0 d (kT") =0
dx B
In comparing it with our expression:

OF d (0Fy )
0T  dx (@T’) B

We see that:

105



Forming the Functional

And since:

0T’
We can integrate this expression with respect to T’
to get:

0

1
F = Ek(:f"')2 —I—/qé’)



Forming the Functional

Finally, we arrive at the desired expression:

=2 (&) q
2 (dx *



Wrap-Up for Part 3

Differentiated between the finite difference and
finite element techniques;

Established the functional using the Euler-Lagrange
equation;

Formed the functional for steady state heat transfer.



Part 4
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Finite Element Method Strategy

We will employ the following strategy to solve a
sample problem:

Form the variational statement;

Formulate relations at the element level;
Minimize the integral at the element level;
Assemble equations into a system for solution;
Apply boundary conditions;

Solve for nodal temperatures.



Example 4: One-Dimensional Steady State
Finite Element

Consider, the following configuration:

5000 W/m 20 C

26 13

< >
L=0.02m

< L=0.1m >

What is the steady state temperature distribution in
the rod?



Example 4: One-Dimensional Steady State
Finite Element

This is a steady state conduction problem with heat
application/generation and fixed boundary
temperatures;

The governing differential equation is:
0

| 02T
q‘gen+kw ch E

but for steady state, the right hand side is equal to
Zero.



Example 4: One-Dimensional Steady State
Finite Element

First, we form the variational relationship;

From the Euler-Lagrange equation, we have:

oF d ,/0F -
E)‘u_dx(au’)_

And note that:

T=u T'=—=u



Example 4: One-Dimensional Steady State
Finite Element

So the Euler-Lagrange equation becomes:

OF d ;0F i
0T  dx (67“-’) B

We can rewrite our governing differential equation
in this form:

d
_C?gen T a (kT) =0
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Example 4: One-Dimensional Steady State
Finite Element

By comparing terms, we see that:

oF
ﬁ — _qun

and...




Example 4: One-Dimensional Steady State
Finite Element

We can solve for F by integrating the first
expression:

0F

F = ﬁdT - = f fi'gendT - = fi‘genT + gl(T’)

But, by integrating the second expression (i.e., the

one with the T' term), we get another expression for
F.

OF 1
F = f T’ = f(ka)dT’ =~k(T")* + g,(T)



Example 4: One-Dimensional Steady State
Finite Element

But both of these expressions must be equal to one
another because they both represent F;

So we conclude that...
1 Ny
F = Ek(T )4 — qgenT

And the integral we seek to minimize is:

L1
I :f [Ek(T’)z — JgenT | dx
x=0



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

Now that we have our variational statement, we
need to apply it to our problem;

Most geometries are quite complex and we cannot
apply this expression directly;

So, we discretize the system into finite elements and
apply the expression to each element:

E
[ = Z;(e) D) 4 (@) 4y (B
e=1



Example 4: One-Dimensional Steady State
Finite Element

Let's consider the following element breakdown;

5000 W/m

20C9 @ & @2 6 3 & @ ¢ (3 ¢ 20C
1 2 3 4 5 6

Note that for finite elements, the node points are at
the boundary of each element;

For finite difference, the nodes were centered in the
element.
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Example 4: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

In this case, we seek to minimize an integral
expression considering the effects of conduction (/,),
and applied (or internally generated) heating (/,):

IZIR_I_IQ'



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

For an individual element, our integral becomes:

Xjr1 5
@) =f [_k(e)A(e) 1)) _ 4@r@] gy
” 2 ( ) qL

where x; and x; represent the bounds of the element,
Al¢) is the element cross sectional area and ¢; is the
heating per unit length per unit time.




Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

Let's assume a linear temperature profile across
each element

T©) (x) = C:Ee) + cée)x

At the element boundaries, we have:

Ti = Cie) + Cée)xi

_ (e) (e)
Tj =C; " +C, X

But we are left with unknown constants, ¢, and c,.



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

But, with two equations and two unknowns, we can
solve for constants ¢, and ¢,.

x5y = x; T
C1 =
Xj — X;
- T,
Cz —
x}' — X



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)
But, we can express the unknown constants in terms
of known variables from the T; and T; expressions to
give us an expression for T'® in terms of, either,
known or to-be-determined quantities:

T (x) = [(5T; = x:T;) + (T = T)x]

1
(% — x;)



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

We'll also need an expression for the derivative of T
with respect to x;

Differentiating the previous expression yields:

dT@ (T, - T;)
dx (x}- — x,;)




Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 8)

Similarly, we must establish an expression for the
distribution of heating across the element:

i@ ) = @ + O

As with our temperature calculation, this leads to:

E)(x) = ( ) [( XiqLi — xiq,L,j) + (':;'L,j — lf;'L,i)J‘f]

}



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

So, starting with the integral expression for an
element, we have:

*iT1 2 S
I(E) — f [_k(E)A(E) T#’(E) ./ (_Ej'}"‘l&_m"f'_}_l d
X 2 ( ) qr X




Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

And substituting our expressions for the element
temperature and gradient, we arrive at:

@ = %J'x k(@A) (Eﬂf : Z %)
— 2 {(xj i ) [ (i — x:41,7)
+ (4 - qLJa)x]}{m - ST =x1)
+ (T, - lex]}] dx
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Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

Before we integrate, we differentiate this previous
expression with respectto T;:

sl o)

]

{(x — ][( dLi — xiquj]
-
+(7; - T:-JI]H dx

1

Ij—

Ii] [(""Zf I; — IiT}')



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

And we arrive at...

dT; ; X, (I'—If E(Tf_TJ')

af-:'_.?] jxj. !]_'[.::_E':'.IA::_E:'.I
! j

dx
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Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

We can now integrate the expression with respect
to x:

a;[E]

1(e) 4(€)
ot )

T} X

7 (T,
(x; — x;)°
' ) )
1 ( - (&) }) n (Qli qz )

~ Xy — X ‘?L;
Ij — x!'




Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

This simplifies to:

af[ﬂj k[:E:]A[:E:] (2q£ﬂ| I-'f‘l)
oT; _(xj—xz)(ﬂ_m_ (% —x:)

But, for constant heating across an element:

qﬁ ) _ q(E) _ QEQJ)
So the expression becomes:
a;(E) L (e) 4(e) Q(E}
I; —1T; —~(x; — x;
= oy BT =Gy =)



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

Remember, the overall integral, /, is a function of all
of the m temperatures in the network:

I = I(TIJTZJTBJ"'JTm)

To minimize the overall integral, we'll need to find
the derivative of each element integral with respect
to every temperature and set the sum equal to zero:

ol oIV 91 g @ gk a1 E)
oT,, 0T, ' T, ' oT, ' o, ' oT,




Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

For our linear, one-dimensional elements, though,
I®)is a function of only two temperatures;

The expression reduces to:



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

To simplify matters for our example, let's assume all
elements are the same size, so:

Ax = Ax@ = Ax®) = etc.

First, for conduction only, the expression reduces to:

ol o0Iv 91®) kA
— + — E(_ﬂn—l + ZTm _ Tm+1)




Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

The expression is different when a boundary is
considered;

For our example, both the left and right boundary
temperatures are the same, T, .4 :

0l RA

( Tbouﬂd + ZT o T*.-n+1)
0Tl ft ~ Ax
0l kA

6Tm righe — ﬂ( Tm 1 + ZTm _ Tbawld)



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

We can perform a similar operation for heating and
we arrive at:

ol q( ) Ax
6Tm left 2

ol q£ ) Ax
6Tm right 2

As a result, half of the heating is applied to one
node and the remaining half to the other.



Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

The system of equations in matrix form is given by:

- Not used 0 0 0 0 "'Tbl"\ ( 0 3
-1 42 -1 0 0 0||T 0
kAlo -1 +2 -1 0 0|)Ts(_ Jgax/2|
Ax[0O 0 —1 42 —1 O||Taf )g,Ax/2
0 0 0 -1 +2 —-1|]|T7T 0
-0 0 0 0 Not used - LTE}E-*" \ 0 J
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Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

But, before solving, we must apply the boundary
conditions
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Example 4: One-Dimensional Steady State
Finite Element (Adapted from Ref. 7)

Moving the terms associated with the boundary

temperatures over to the right hand side yields a
reduced matrix:

+2 -1 0 01]/(7; ((kA/AX)T),)
kAl—1 42 =1 0 |)T; q,0x/2
Ax| 0 -1 +2 —1{|T4 q,0x/2
L0 0 =1 +2I\Is) | (kA/AX)Ty,

ll
P




Example 4: One-Dimensional Steady State

Finite Element

We see this is of the form:

where...

—1

+2

-1
0

IKI{T} = {Q}
0 0 (T5)
-1 0 _ )73
+2 -1 {T}__<72
—1 +2. \Ts

Q3 =+

r(kA /Ax)Tbl‘\
q,Ax/2

qLAx/2
\(kA/Ax)T}/

—




Example 4: One-Dimensional Steady State
Finite Element

For our sample problem, consider 5 equally sized
elements with 6 equally spaced nodes:

L=0.1m
r=0.01m
k=167 W/mC

Tboundary =20C

g, = 5000 W/m



Example 4: One-Dimensional Steady State
Finite Element

This leads to the following derived quantities:

Ax =0.02 m

A = 3.14159x10% m?
§,Ax = 100 W

KA/Ax = 2.623 W/C

T, =T,=20C



Example 4: One-Dimensional Steady State

Filling in numbers:

we get...

| 5.246
—2.623
0

L 0

—2.623
5.246
—2.623
0

Finite Element

(KT} = 1Q}

0 0

-2.623 0
5246  —2.623
~2.623  5.246

(52.465

}50.000

50.000

=

~52.465/



Example 4: One-Dimensional Steady State
Finite Element

To solve for temperatures:

[KI7H{Q} = {T}

'0.305 0.229 0.152 0.076] /52.4653 1)
0.229 0.457 0.305 0.152()50.000 I3
0.152 0.305 0.457 0.229] |50.000 T,
0.076 0.152 0.229 0.305] \52.465/ T: )

(Tp1y  20.000Y

15 39.060

J 13| _)58.1211

T, 58.121

T 39.060

T,/  120.000/
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Temperature (C)
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50 | ST N
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Example 4: Finite Element Solution
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the temperature
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0 0.02 0.04 0.06 0.08 0.1

X Location (m)
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Example 4: Finite Element Solution Revisited

To fix the problem, adjust discretization™;

5000 W/m

Hy
20C +(1)¢(2)¢(3)¢(4)¢(5)¢(6)#(7)#(8)#(9)ﬂ1°)+ 20C

2 3 4 5 6 7 8 9 10 11

We seek a calculation point somewhere within the
heated region to resolve local temperature
differences;

*Note: Discretization was increased across the entire rod to maintain a
constant element size.
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Temperature (C)

Example 4: Finite Element Solution Revisited

70 -
ec0o 4 (T TS )
B0 ¥ b NGt b
; Improved
wil S discretization allows N\
temperature
30 . variation to be
i ~ resoved 1 B
20 ————————————————————————————————————
0
O E ! | ! | ! i ! | !
0 0.02 0.04 0.06 0.08 0.1

X Location (m)
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Example 5: One-Dimensional Steady State
Finite Element

Let's solve the Example 2 geometry using the finite
element method;

100 W
20Ce m o 0 ! B & @ ¢20C
1 2 3 4 :

Instead of a distributed heat load (as was the case in
Example 4), all heating is applied at the center (i.e.,
Node 3).
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Example 5: One-Dimensional Steady State
Finite Element

The system of equations in matrix form is given by:

Not used 0 0 0 7 ""Tbl"ﬁ 0N
ral-1 +2 -1 0 0 ||L 0
| 0 -1 +2 -1 0715 =407

0 0 -1 +2 —-1||T 0

L () 0 () Notused | "*TbSJ ()



Example 5: One-Dimensional Steady State
Finite Element

But, before solving, we must apply the boundary
conditions

Not used 0 0 07 f"Ta;.-;“"l (0

kA —1§+2 —1 0
Ax

_______________________________________________________

L0 ' 0 0 Not used - LT@SJ ()
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Example 5: One-Dimensional Steady State
Finite Element

Moving the terms associated with the boundary
temperatures over to the right hand side yields the
reduced matrix:

a2 —1 01(T2) ((RA/AX)Ty
—1 42 —1|iT53; =+ Q .
L 0 —1 +2— Télw‘l k(kﬁ/ﬂx)TBSJ

Ax




Example 5: One-Dimensional Steady State
Finite Element

Consider 4 equally spaced elements with 5 nodes:

L=0.1m
r=0.01m
k=167 W/mC

Tboundary =20C

Q=100 W



Example 5: One-Dimensional Steady State
Finite Element

This leads to the following derived quantities:

Ax = 0.025 m

A =3.14159x10* m?
Q=100 W

KA/Ax = 2.099 W/C

T,;=T,s=20C



Example 5: One-Dimensional Steady State
Finite Element

Filling in numbers:

we get...

[ 4.197
—2.099
0

[KI{T} = 1Q}
~-2.099 0 ]
4197 —2.099 {
~2.099  4.197 |

I
I3
Iy

N

41.972
100.000
41.972

]



Example 5: One-Dimensional Steady State
Finite Element

To solve for temperatures:
[K]~'{Q} = {T}

'0.357 0.238 0.1197( 41.972 T
0.238 0.477 0.238]3100.000; = {75

10.119 0.238 0.3571\ 41.972 T,

(Th1 (20.0000

T, 43.826
{ Ty, y =4{67.651}
T, 43.826

iy .20.000)
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Temperature (C)

10

Example 5: Finite Element Solution

0 0.02 0.04 0.06 0.08 0.1

X Location (m)
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Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

Let's look at the same problem geometry but, this
time, we'll model the transient response.

In this case, we seek to minimize an integral

expression considering the effects of conduction (/,),
applied heating (/,) and capacitance (/ ):

1:1R+IC+IQ



Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

The individual components are:

2

L 1
I, = f ~ KA(T")?dx
x=0

L »
I, = f QTdx
x=0

:&f}; a(TZ)

d
2 )._ a8

I

x=

where Q is heating rate and 6 is time.



Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

And the overall integral to be minimized is:

pC, d(T*)

> 90 |

L 11
— - 2 :
I-LzU[ZkA(T) + QT +

We already have expressions for the conduction and
heating so let's focus on the capacitance term.

dx

1 - pCy fL 0(T*)
‘ X

2 J._, 06



Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

Recall, from Example 4, our expression for
temperature as a function of location in an element:

T©) (x) = cfe) + cz(e)x

And because we know the temperatures at the
ends, we solved for constants ¢, and c,:

_ Xl = X _L-T
¢1 = C2 =

x}- — X xj_xi




Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

So, for an individual element, the integral becomes:

@ _Plp d [T @), (&) )2
[, = > dQLi (cl + c, x) dx

After substituting in expressions for ¢, and c,, the
expression inside the integral is a function of, only,
T, T, x, X;and x.



Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

We differentiate the expression with respect to T;
and then integrate over x to obtain:

a1’ pc, d
ar, 6 ag B —x)(2Ti+T))

Similarly, we perform the differentiation with
respect to T; and integrate, we obtain:
a1l pc, d

de T 6 do (x}' o xf)(Ti + ZT})




Example 6: One-Dimensional Transient Finite

Element (Adapted from Ref. 7)
So, for an element, we see that...
il pc, d

dT N TPE (xn?- o xﬂl—l)(Tm_l + ZTm)
m

(b)
dl pC, d
d’;m — TPE (xm+1 - xm)(ZTm + Tm+1)

e e e e el e e e s |
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Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

But...

Ax = (xm — xm—l) — (xm+1 - xm)

and over a specified time interval, Ag, gives us...

dlga) f)Cb

dT 6&9 ﬁx(Tm 1 + ZTm)
m

(b)
dl pC@
d;m 6&9 ﬁx(ZTﬂT + Tﬂ1.+1)



Example 6: One-Dimensional Transient Finite
Element (Adapted from Ref. 7)

The previous expressions form the basis for our
element capacitance matrix:

pCpAx [2 1

cl) =
€] 6A6 L1 2



Example 6: One-Dimensional Transient Finite
Element

But we can assemble the element matrices into a
global capacitance matrix through superposition;

For similarly sized elements, the matrix becomes:

21
pCﬂxl 2+ 2 1
[C] = —=£ 1 242 1

6A6




Example 6: One-Dimensional Transient Finite
Element

With the previously derived conduction matrix, we
can now assemble our system of equations:

O T
ATt Q=g

Becomes...

—[KI{T} + {Q} = [CT}



Example 6: One-Dimensional Transient Finite
Element (Ref. 9)

This equation can be expressed in a more general
form :

([C] + pAB[KDAT™ ]
= ([C] = (1 = )AB[KDIT™}
+46((1 - ) Q™) + H{Q™ 1))
so when...

¢ =0, we have the Forward difference
¢ =1/2, we have Crank-Nicolson

¢ =2/3, we have Galerkin

¢ =1, we have the Backward difference



Example 6: One-Dimensional Transient Finite
Element (Ref. 9)

Let's use Backward differencing to solve this
problem, i.e., ¢ = 1;

When we substitute into the general equation, we
arrive at:

([C] + A0[KDIT" "} = [CH{T™} + A8{Q™ "}

Our unknowns are the temperatures at time n+1,
shown in blue.



Example 6: One-Dimensional Transient Finite
Element (Ref. 9)

We recognize this equation is of the form:
[A[{T""'} = {B]}
Inverting [A] and multiplying it with {B} vields:

{rm*'} = [A]7'{B}

But we must remember to apply the boundary
conditions as we did before.
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Example 6: One-Dimensional Transient Finite
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Temperature (C)

Comparing Finite Difference, Finite Element
with Exact Solution
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Conclusion

An overview of numerical methods in heat transfer
has been presented;

The governing differential equation was formulated
from first principles;

The finite difference was developed and
demonstrated through examples;

Finite element was developed and demonstrated
through examples.
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