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Course plan:

1) Choosing the right model
2) Going with the flow
3) Periodic motion
4) Stability and orbit manifolds 
5) From CR3BP to ephemeris
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PERIODICITY IN DIFFERENT FRAMES
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Lecture 3:
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DEFINITION OF A  PERIODIC ORBIT

Let the state evolve under an 
autonomous vector field

The flow map advances the initial 
condition to its state at time t

A trajectory

is periodic if there exists a period T > 0 
such that the time-T flow returns the 
state to itself
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AUTONOMOUS SYSTEMS AND PHASE INVARIANCE

Every point on the orbit may serve as an initial 
condition  a periodic orbit corresponds to a 
continuum of fixed points of the time-T flow map.

For an autonomous system

if x(t) is periodic, then any phase shift 
x(t + tau) is also periodic



ORIGIN AND TAXONOMY
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Guzzetti, D., Bosanac, N., Haapala, A., Howell, K., and Folta, D., “Rapid Trajectory Design in the Earth-Moon Ephemeris System via 
an Interactive Catalog of Periodic and Quasi-Periodic Orbits,” Acta Astronautica, 126, Sep-Oct 2016, 
https://doi.org/10.1016/j.actaastro.2016.06.029
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https://doi.org/10.1016/j.actaastro.2016.06.029
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IMPORTANCE

Credit: Wikipedia.org

 Unit blocks of the underlying dynamical structure  for a 
nonlinear system, a general solution may be hard to 
describe globally

 Known to be infinitely bounded (assuming no perturbations)
 Aid mission design  organize nearby trajectories, generate 

invariant manifolds, define repeatable transfer opportunities, 
reveal local phase-space geometry, and anchor trajectory 
design

 Guide trajectory design through dynamical models of 
increasing fidelity

Doedel, Eusebius J., et al. "Elemental periodic orbits associated with the libration points in the circular restricted 3-
body problem." International Journal of Bifurcation and Chaos 17.08 (2007): 2625-2677.
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LOCAL LINEAR DYNAMICS

Suppose system has an eq. pt.

Define a perturbation away from
 eq. pt

Expand

The leading-order motion is 
governed by the Jacobian
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GENERAL LINEAR SOLUTION

The solution of the linearized system is 
generated by the matrix exponential

When A is diagonalizable, the 
solution decomposes into modal 
components

Pure imaginary eigenvalues produce 
oscillatory, periodic modes

Real-valued motion produced by a 
complex conjugate eigenpair (two-
dimensional oscillatory subspace)

Choose initial conditions along a pure-imaginary mode to 
obtain periodic linear motion
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LINEAR CENTER MOTION

Near a collinear libration point in the CR3BP, the 
linearized dynamics contain one real hyperbolic 
pair, an imaginary in-pane center pair and, and 
an imaginary out-of-plane center pair

To generate bounded periodic motion near 
the libration point, suppress the hyperbolic 
modes and retain center motion

The real-valued oscillation is built from the real 
and imaginary parts of the complex 
eigenvector

At t=0 (imposing a phase convention)
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LINEAR GUESS FAILS NONLINEARLY

linear

nonlinear
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PERIODICITY CONSTRAINT EQUATION

In an autonomous system, the problem 
is underdetermined because phase 
along the orbit is arbitrary, so we add a 
phase condition

Define the periodicity constraint using 
the flow map

The unknowns are the initial condition 
and the period

A periodic orbit is a root of 
this constraint
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LINEARIZATION OF PERIODICITY CONSTRAINT

The derivative of the flow with respect 
to final time is the vector field evaluated 
at the final state

Correct the initial condition and period 
with a first-order update

The derivative of the flow with respect 
to the initial state is the STM

Expand about the current solution
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NEWTON CORRECTION FOR PERIODIC ORBITS

The Newton step drives the periodicity 
defect to zero

In matrix form

Augmented with phase constraints

The corrected initial state and period 
are updated iteratively
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SYMMETRY-BASED HALF-PERIOD TARGETING

The corrected initial state and period 
are updated iteratively

For planar orbits, symmetric about the x-axis, 
select an initial condition that lies on the 
symmetry plane

At half period, the trajectory crosses the 
symmetry plane again with the appropriate 
velocity symmetry

Turn periodic-orbit correction into a 
smaller targeting problem
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SYMMETRY-BASED HALF-PERIOD TARGETING
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RESOURCES

https://www.nasa.gov/stem-content/designing-the-moonshot-introduction-to-multi-body-dynamics/ 
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RESOURCES

https://ssd.jpl.nasa.gov/tools/periodic_orbits.html#/periodic 

https://ssd.jpl.nasa.gov/tools/periodic_orbits.html#/periodic
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RESOURCES

https://github.com/the-aerospace-corporation/CislunarSystemVRSimulator 

https://github.com/the-aerospace-corporation/CislunarSystemVRSimulator
https://github.com/the-aerospace-corporation/CislunarSystemVRSimulator
https://github.com/the-aerospace-corporation/CislunarSystemVRSimulator
https://github.com/the-aerospace-corporation/CislunarSystemVRSimulator
https://github.com/the-aerospace-corporation/CislunarSystemVRSimulator

	Gravitational Multibody Dynamics: �a Quick-start Guide
	�Periodicity in different frames
	Periodic motion
	�Definition of a  periodic orbit
	�Autonomous Systems and Phase Invariance
	�Origin and taxonomy
	�importance
	�local linear dynamics
	�General Linear Solution
	�linear center motion
	�Linear Guess Fails Nonlinearly
	�periodicity constraint equation
	�linearization of periodicity constraint
	�newton correction for periodic orbits
	�symmetry-based half-period targeting
	�symmetry-based half-period targeting
	�resources
	�resources
	�resources

