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SPACE STATION MODEL FOR SD/EXACT TEST CASE
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Derive dynamical equations of motion for a system of rigid
bodies attached to one another
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Possible Approaches

®* momentum principles

e Newton-Euler method

e D’Alembert’s principle

e |agrange’s equations

¢ Hamilton’s canonical equations
¢ Boltzmann-Hamel equations

® Gibbs’ equations

e Kane’s method

® Kane’s equations have the simplest form and are
derived with the least amount of labor’

'Kane, T. R., and Levinson, D. A., “Formulation of Equations of Motion
for Complex Spacecraft,” Journal of Guidance and Control, Vol. 3, No. 2,

1980, pp. 99-112.
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© Apparatus of Kane’s Method
@ One Particle

©® One Rigid Body

@ Two Connected Bodies

@® Nonholonomic Systems
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Kane’s
Method

Apparatus of
Kane’s
Method

Newton’s Second Law

System S is made of v particles P;, each of mass m;

(i=1,...,v), moving in a Newtonian reference frame N.
F1 =m NaPI
F2 = mp NaP2
F,=m, NaPfv

or, a single vector equation
v
Z (F, — m,-NaP") =0
i=1
from which one can obtain a scalar equation
v
Z(Fi—miNaP") cv=0-v=0
i=1

where v is any vector
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Kane’s
Method

Apparatus of
Kane’s
Method

Basic Statement of Kane’s Method

For a holonomic system possessing n degrees of freedom in
frame N

v

> (Fi—mMa®) . Mvi=0  (r=1,...,n) (6)

i=1

where Mv!i is called the rth holonomic partial velocity of
particle P; in N. (More about how to find partial velocities
later.)
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Kane's Generalized Forces

Method

Apparatus of

e Kane calls F, the rth generalized active force for S in N, and
defines it as
v
FEYF W (r=1,..n) (7)
i=1

F is the rth generalized inertia force for S in N, defined as
F,*éZ—m,-NaP"-NV,P" (r=1,...,n) (8)
i=1

Kane’s dynamical equations of motion:

F,+Fr=0 (r=1,...,n) 9)
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Kane’s
Method

Apparatus of
Kane’s
Method

Advantages of Generalized Forces

¢ Generalized active forces
® Constraint forces do not appear in Kane’s equations of
motion
® Forces exerted on particles across smooth surfaces
® Contact forces exerted by two bodies rolling on each
other
® Constraint forces do appear when using Newton-Euler
or D’Alembert’s method; extra work to eliminate them
¢ |f constraint forces are of interest, Kane shows how to
bring them into evidence

¢ Generalized inertia forces
* Forming Kane’s generalized inertia forces is much
easier than
® Forming the system kinetic energy and then
differentiating it (Lagrange’s Egs.)
® Forming the Gibbs function and then differentiating it
(Gibbs’ method)
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o Motion Variables

Apparatus of
Kane’s

Method When the configuration in N of a system S can be described
with n generalized coordinates q,, one can define n motion
variables u, as linear combinations of the time derivatives of

qdr»
n
A .
ur:Zqus—i—Zr (r=1,...,n) (10)

s=1
where Y, and Z, (r,s = 1,...,n) are functions of g;, ..., g,
and the time ¢. Must be able to solve Eqgs. (10) uniquely for
él? ot 7(:1n-

One of the chief disadvantages of using Lagrange’s
equations is that state variables cannot be «’s and must be

q’s.

9/24



Matos Partial Velocities, Partial Angular Velocities

Apparatus of The velocity in any reference frame A of a particle P

Kane’s

Method belonging to S can be expressed uniquely in terms of motion
variables and partial velocities 4v?,

n
P:ZAvrPur—i—Av,P (11)
r=1

The angular velocity in any reference frame A of a rigid body
B belonging to S can be expressed uniquely in terms of
motion variables and partial angular velocities *

Z AoBu, + Awp (12)
where 4vF, 4wB (r=1,...,n), v}, and 4w} are functions

of ql,...7q,, and the tlmet

10/24



NyP .

(Fp—mpNaf) =0  (r=1,2,3) (13)
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Kane's Motion Variables, Partial Velocities

Method

One Particle

The velocity of P in N
NyP = g1fy + gohy + §3ns
AL . .
= uny + uphy + u3zng (14)

¢ Motion variables u, are time derivatives of generalized
coordinates ¢, (r = 1,2, 3)

e Partial velocities are simply the vector coefficients of
the motion variables in the expression for Vv?’; that is,

NyP =n, (r=1,2,3)
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Kane’s
Method

One Rigid
Body

Contribution of a Rigid Body to
Generalized Active Forces

Let the set of contact forces and distance forces acting on a
rigid body B be equivalent to a single force Fp applied at the
mass center, B*, together with a couple whose torque is Tp.

The contribution of B to F, is given by
(FV)B:NVI?*'FBJ'_NUJ;?'TB (7‘:17...71’1) (15)

where Mv5” is the rth partial velocity of B~ in N, and Yw? is
the rth partial angular velocity of B in N.
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Method Contribution of a Rigid Body to
Generalized Inertia Forces
The contribution of B to F* is
One Rigid (Ff)g = NyB R 4 NPT (r=1,...,n) (16)

Body "
Inertia force for Bin N:

R* 2 _mpVal” (17)

where mg is the mass of B, and Ya?” is the acceleration in
frame N of the mass center of B.
Inertia torque for B in N:

A

NNy B/B*
T*:_(I'NaB_’_NwBXI.NwB):_ d

dt (18)

where L is the inertia dyadic of B for B*, Yw 2 is the angular
velocity of Bin N, and Ya? is the angular acceleration of B
in N.
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Vitho Example, Rigid Body

One Rigid
Body

Substitution from Egs. (15)—(18) into Egs. (9) yields

N Ny B/B*
TATHTT )

N o) ot (1,4
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o Partial Velocities, Partial Angular Velocities

Bf

The velocity of B* in N

One Rigid
Body

*x A\ n ~ ~
NyB" = uihy + uphy + ushy (20)
The angular velocity of Bin N

NopB = wlf)l + WQf)z + W3f)3 é u4f)1 + usf)z + u6f)3 (21)
e Motion variables uy4, us, ug, are linear combinations of
the time derivatives of generalized coordinates
¢ Partial angular velocities are simply the vector
coefficients of the motion variables in the expression for
N8 thatis, Vw?f =0 (r=1,2,3), Ywf =b, 3
(r=4,5,6)
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Kane's Equations of Motion

Method

r= 1 2 3 4 5 6
One Rigid Nvf* n np ng 0 0 0
Body Ner 0 0 0 l)1 bz b3

Dynamical equations of motion:

i, - (FB — mBNaB*) -0  (r=1,2,3) (22)
A N jNyyB/B*
b, - (TB - C’g) —0  (r=456) (29)

Equations (23) immediately lead to Euler’s rotational
equations of motion; Lagrange’s approach yields equations
that are much more complex
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e Example, Smooth Ball-and-Socket Joint

Two
Connected
Bodies

(24)

It can be shown that the constraint force R does not

contribute to the equations of motion
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Kane’s
Method

Two
Connected
Bodies

Noncontributing Force

N, C* _ NVB* + N8B X pg + No,C « (_pC)

v =
N_,C* _ N_B* N, .B N, ,C
vV, =Y, + W, XPp— W, XPc
N C* _ N, B* N, .B N, ,C
\L '(_R)__ \£: -R-— W, XpB'R+ W, XpC'R
N

:—Nvf*-R wlopp xR+YwC pe xR

These terms cancel the other terms involving R in Egs. (24),
showing that R ultimately does not appear in Kane’s

equations of motion, as is claimed on slide 8.
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Kane’s
Method

Two
Connected
Bodies

Partial Velocities, Partial Angular Velocities

One possible set of motion variables

NyB" — uiny + uphy + u3h3 (25)
Nwb = u4f)1 + Msf)z + M663 (26)
Np€ = u7€; + ugCy + u9Cs (27)

r= 1 2 3 4 5 6 7 8 9

NyB" R hp g 0 0 0

NeB 0 b, by, by 0 0 0

Nof 00 0 0 & & &
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Kane’s
Method

Nonholonomic
Systems

Nonholonomic Systems

A nonholonomic system is one that is subject to motion
constraints

Examples of motion constraints

¢ Rolling (absence of slipping) &

e Sharp-edged blade y NyP . by =0

With Lagrange’s method, must introduce and subsequently
eliminate multipliers associated with unknown constraint
forces

With Kane’s method, one accounts for the motion
constraints when forming velocities of points, and angular

velocities of rigid bodies: don’t need to introduce multipliers
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Kane's Example, Rolling Sphere

Method

\5
l =

w” = u Ny + uphy + uzng (28)
Nonholonomic

systems NvB" = ushy + ushy (29)
Configuration constraint: B* must remain a constant
distance above horizontal surface, so YvZ" - fi; = 0.
Motion constraint: for rolling to take place, YvB = VvV = ¢

NVE = NVB* + NLUB X (—R3ﬁ3) = (u4—RBu2)fl1 —|—(M5 +R3u1)ﬁ2

Nonholonomic constraint equations (30)

Uy = RB”Z Us = —RBul (31)
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Kane’s
Method

Nonholonomic
Systems

Partial Velocities, Partial Angular Velocities

The rolling sphere has three degrees of freedom in N. Use
the nonholonomic constraint equations to rewrite Yw? and
NVB*

B N N N
NyB = uing + usNy + uzn3 (32)

NVB* = RB(uzﬁ] — u]flz) (33)

Nonholonomic partial angular velocities, & B, and
nonholonomic partial velocities, Nv2":

r= 1 2 3
N~ B o ~ N
W, n np nj3
NgB* o ~
A\ —RBl’l2 RBII1 0
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Kane’s
Method

Nonholonomic
Systems

Equations of Motion

Dynamical equations of motion

NyB™. (F—mBgﬁ3 —mBNaB*> (34)
N NgB/B*
+ NoB. <_RBﬁ3XF_dt>:O (r=1,2,3)

where F is the contact force applied to B at B. Note that with
NyB =0, Eq. (30) yields

NgB" = NoB x Rpny  (r=1,2,3) (35)
Hence
NyB" . F 4+ V@B . (—Rpis x F)
= (Vo8 x Rpnz) - F — V@B . (Rghs x F) (36)

= NoB . (Rpny xF) — Vo8B . (Rpis xF) =0  (r=1,2,3)

and F ultimately does not appear in Kane’s equations of

motion, as is claimed on slide 8.
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